In this paper, we generalize the famous Hasimoto's transformation by showing that the dynamics of a closed unidimensional vortex filament embedded in a three-dimensional manifold M of constant curvature gives rise under Hasimoto's transformation to the non-linear Schrödinger equation.
Introduction
The classical vortex filament equation describes the dynamics of a time-dependant "filament" α t = α ∈ Emb(S 1 , R 3 ) (Emb(S 1 , R 3 ) being the space of smooth embbedings) and is given by
where κ ∈ C ∞ (S 1 , R 3 ) and B are respectively the curvature and the binormal of α (see for example [1] ) . The terminology comes from fluid mechanics; a filament has to be thought of as the very heart of a vortex or a whirlwind, i.e., a region of R 3 where all the "vorticity" is concentrated. Its dynamics are actually derived from the so-called "LIA" approximation (localized induction approximation, see [2] ) and it can be shown that Eq. (1) is equivalent to the "equation of gas dynamics" as well as the"Heisenberg magnetic chain equation" (see [3] ). See also [4] for a very nice historical survey of the vortex filament equation. Probably one of the most striking features of the vortex filament equation is given by the following. Hasimoto noticed in [5] , that the function Ψ : S 1 → R 3 which is defined -up to a phase factor -by ψ(s) := κ(s) · e 
This is a remarkable observation which gave rise to numerous papers mostly on integrable systems since the non-linear Schrödinger equation is well known to be a completely integrable system (see [6, 7] ). The purpose of this paper is twofold and the discussion is divided into two sections. In the first one, an interpretation of the somehow puzzling function ψ introduced without justifications by Hasimoto in [5] , is given. More precisely, it is shown that the function ψ can be seen as the infinitesimal rotation of a natural moving frame associated to a natural complex bundle over the filament. In the second section, it is shown that Hasimoto's observation still "holds" for a closed unidimensional filament embedded in a three-dimensional oriented Riemannian manifold of constant curvature, generalizing the case of R 3 .
Interpretation of the Function ψ
Let E π E −→ M be a K-vector bundle over a manifold M (K = R or C) and let h E be, according to K, an Euclidean or Hermitian structure on E. Recall that the orthonormal frame bundle F E associated to the vector bundle E is defined as the disjoint union ∪ x∈M F E x where F E x is the set of all orthonormal frames for the fiber (E x , h E ) . It is well known that F E is a G-principal bundle over M with structure
Let us give the following useful lemma which describes tangent vectors on F E . Lemma 1.1. Let ∇ E be a connection on the vector bundle E compatible with h E and let A and A be two smooth curves of F E such that A(t 0 ) = A(t 0 ) . Then we have the following equivalence :
for all j ∈ {1, ..., k} , where α(t) := π F E (A(t)) and where we write
Proof. Lemma 1.1 can be proved easily using local charts, as given for example in [8] , Section 3.3.
Using Lemma 1.1, it is easy to define a connection form
where A(t) = {A 1 (t), ..., A k (t)} is a smooth curve of F E and where α(t) := π F E A(t) . The connection θ E is the Ehresmann connection and is well known in Riemannian geometry (see [9, 10, 11, 12] ...). In a certain sense, this connection measures the infinitesimal rotation of a moving frame over M .
Let us now consider a filament Σ := α(S 1 ) embedded in a three-dimensional oriented Riemannian manifold (M, h M ) (here α : S 1 → M is an embedding). Assume furthermore that for all s ∈ S 1 , (T race Π Σ )(α(s)) = 0 where T race Π Σ denotes the trace of the second fundamental form Π Σ of the submanifold Σ ⊆ M . This extra assumption allows us to define at any point α(s) of the filament Σ , its associated Frenet frame :
Here T M | Σ := j * Σ T M with j Σ : Σ ֒→ M being the canonical inclusion. We thus get a smooth curve α F r : S 1 → F T M | Σ which gives rise to another smooth curve α o(3) : S 1 → o(3) via the formula :
for s 0 ∈ S 1 . In particular, if the filament α is parameterized by arclength, then it is easy to see using Eq. (3) that α o(3) (s) takes the form
where κ, τ : S 1 → R are two smooth functions on S 1 . In the case where M = R 3 endowed with the canonical metric and orientation, then Eq. (5) corresponds to the usual Frenet Formulas and κ and τ are respectively the curvature and the torsion of Σ (see [1] , chapitre 8).
More generally, if we are given a K-vector bundle over Σ of rank k with an Euclidean (or Hermitian) structure on it, a compatible connection and a moving frame 1 , it is then possible to associate an element of Lo(k) := C ∞ (S 1 , o(k)) (or Lu(k)) . In this spirit, the simplest vector bundle over Σ which takes account of the geometry of the normal bundle N Σ of Σ in M is surely given by the complex line bundle E π E −→ Σ whose fiber at a point α(s) ∈ Σ is given by
where the space
, we note that N + iB is an eigenvector of J C with corresponding eigenvalue −i . The metric h M and the associated Levi-Civita connection ∇ naturally induce a Hermitian structure h E on E and a compatible connection ∇ E . Thus, according to Lemma 1.1, we get a connection form θ E ∈ Ω 1 (F E, u (1)) .
Let us consider a smooth curve A :
The curve A is necessarily of the form
for all s ∈ S 1 , where ρ : S 1 → R is a smooth map. For s 0 ∈ S 1 , an easy calculation shows that
In particular, the curve A has zero infinitesimal rotation if and only ifρ − τ = 0 , i.e. if ρ(s) = s 0 τ (x)dx (modulo an additive contant). Now, in order to consider a vector bundle which also takes into account the "tangential" geometry of the filament Σ , it is natural to consider the complex vector bundle F π F −→ Σ whose fiber at a point α(s) ∈ Σ is defined by
Again, we get a Hermitian structure h M , a compatible connection ∇ F and a connection form θ F ∈ Ω 1 (F F, u(2)) . In view of the above, let us denote by B : S 1 → F F the map defined as
for s ∈ S 1 . Again, a simple calculation shows that
where ψ is the famous Hasimoto's function, i.e. ψ(s) = κ(s)·e
Hence, the function ψ of Hasimoto measures the infinitesimal rotation of the natural moving frame B over Σ .
Generalization of Hasimoto's Transformation for Manifolds of Constant Curvature
Let (M, g) be a three-dimensional oriented Riemannian manifold and α t : S 1 → M a time-dependent embedding. For t ∈ (−ǫ, ǫ) , we assume that
1 and for all t ∈ (−ε, ε) (here Σ t := α t (S 1 )) ,
• α t is parameterized by arclength, i.e., d ds α t (s) = 1 for all t ∈ (−ε, ε) and for all s ∈ S 1 ,
• α t is a solution of the vortex filament equation, i.e., d dt α t = κ · B . Remark 2.1. The first condition above ensures that the Frenet frame associated to the curve α t exists for all t ∈ (−ǫ, ǫ) .
Remark 2.2. If α t is a solution of the vortex filament equation which is parameterized by arclength for t = 0 , then one can show that α t is also parameterized by arclength for all t .
We will now give the evolution's equation of the curvature κ and the torsion τ of the curve α t . Recall that the curvature and the torsion of a curve are defined by Eq. (5). Consequently, we have the Frenet formulas :
where D ∂s denotes the covariant derivative along the filament α t . Using Eq. (12) and proceeding exactly as in [13] , we find out that the evolution equations of κ and τ are :
where ( . , . , . , . ) := h M R( . , . ) . , . , with R :
Under the additional assumption that the curvature of M is constant, then the curvature tensor of M reduces to (see [14] , Lemma 3.4 page 96) :
for X, Y, W, Z ∈ X (M ) and a certain constant K 0 . In particular, we have T, B, T, B = K 0 and B, T, N, B = T, B, T, N = 0 .
In this context, i.e., assuming κ and τ associated to a curve α t solution of the vortex filament equation, let us consider ψ t :
τ (x)dx . Exactly as in the proof of Theorem 3.5.8 in [13] , and using Eqs. (13), a direct calculation shows that
where A(t) := A(x)dx · ψ t (s) for t ∈ (−ε, ε) and s ∈ S 1 . Again, a direct calculation shows that Ψ t satisfies the non-linear Schrödinger equation :
